In view of the increasing accuracy of Casimir experiments, there is a need for performing accurate theoretical calculations. Using accurate experimental data for the permittivities we present, via the Lifshitz formula applied to the standard Casimir setup with two parallel plates, accurate theoretical results in case of the metals Au, Cu and Al. Both similar and dissimilar cases are considered. Concentrating in particular on the finite temperature effect, we show how the Casimir pressure varies with separation for three different temperatures, T = {1, 300, 350}K. The metal surfaces are taken to be perfectly plane. The experimental data for the permittivities are generally yielding results that are in good agreement with those calculated from the Drude relation with finite relaxation frequency.
Introduction
Consider the standard Casimir configuration, namely two semi-infinite homogeneous media separated by a vacuum gap of width a (recent reviews on the Casimir effect are given in [1, 2, 3, 4] ). Assume that the surfaces are perfectly plane, and that they are of infinite extent. Denote the left hand slab by 1, the intermediate vacuum region by 2, and the right hand slab by 3. The two permittivities are ε 1 (ω) and ε 3 (ω). Spatial dispersion is neglected. Working in terms of complex frequencies ζ, we have ω = iζ. The Lifshitz variables s and p, and the Matsubara frequencies ζ m , are
where β = 1/T is the inverse temperature, and m the Matsubara integer (we usually puth = c = 1). The nondimensional frequency y and the nondimensional temperature γ are defined by y = qa, q = k 2 ⊥ + ζ 2 m , γ = of Astrid Lambrecht), and extend also the region of separation to larger values. The numerical corrections are small, on the 1% level, but the generally improving accuracy of pressure experiments accentuates the need for working to this degree of accuracy. As before, we take the plates to be perfectly smooth; roughness corrections have to be dealt with separately and are not covered here. A general property of the Casimir pressure is that from T = 0 onwards it decreases with increasing values of T , given a fixed value of a. However when the separation is large, a > 3 µm, the pressure increases with increasing T when T becomes high. Our numerical results indicate that the pressure increases from around room temperature and upwards. As a general conclusion, a separation of about 2 µm appears to be optimal for testing the temperature correction to the Casimir pressure; then the relative correction is highest (cf. also figure 5 in [5] ). The practical problem, of course, is that at large separations the Casimir pressure itself is small.
2. We next emphasize the point that there is no conflict between this kind of theory (which is equivalent to adopting the Drude dispersion relation) and the Nernst theorem in thermodynamics. According to this theorem, the entropy at zero temperature has to be equal to zero. The Nernst theorem is satisfied in our case, in spite of the fact that the contribution from the TE zero mode (that is, the m = 0 term in the Matsubara sum) is equal to zero for finite ε as well as for a real metal. The point here for a real metal is that the relaxation frequency stays different from zero. The first to emphasize this kind of behaviour were Boström and Sernelius [6] . We have treated these thermodynamical issues ourselves also [7, 8, 9, 10] , and there are several other works expressiong the same opinion [11, 12, 13, 14] . We mention, though, that the opposite view has also been advocated in recent papers [15, 16, 17] .
Calculation and results
Let us first recall the Drude dispersion relation
where ω p is the plasma frequency and ν is the relaxation frequency. The plasma wavelength is λ p = 2πc/ω p . or the three metals mentioned, the corrected data as compared with those given in [5] are ω p = 9.03 eV, ν = 34.5 meV, λ p = 137.4 nm Au, ω p = 8.97 eV, ν = 29.5 meV, λ p = 138.3 nm Cu, ω p = 11.5 eV, ν = 50.6 meV, λ p = 107.9 nm Al.
These corrections are roughly on the 1% level. As before, we calculate the Casimir pressure by means of MATLAB, extracting the zero-frequency case m = 0 for a separate analytical treatment. Since ε becomes very large in the zero frequency limit for metals, we can express the m = 0 contribution as
where the polylog function with arguments (3,1) is involved,
Calculated values of the Casimir pressure for Al, Cu and Al are shown in tables 1-6, both for the similar and the dissimilar cases. As in [5] , we took the temperature T = 1 K to represent the case T = 0 case with good accuracy. In the calculations our tolerance for the integrals was 10 −12 , whereas the tolerance in the sum was 10 −8 . At T = 1 K the necessary number of terms was quite large, especially at small separations (for instance, about 25700 at a = 0.16 µm).
It is seen that the room-temperature pressure is always weaker than the zero-temperature pressure. Thus for Au-Au plates at separation a = 0.5 µm, the pressure is lowered from 16.56 mPa to 15.49 mPa, or by 6.5%. The reduction becomes much enhanced at larger separations; thus at a = 2 µm the pressure is lowered from 7.549 × 10 −2 mPa to 5.550 × 10 −2 mPa, or by 26.5%. It thus seems advantageous to work with high separations, if technically possible. The differences between Au-Au and Cu-Cu pressures are generally small, whereas the pressures for Al-Al are larger, as we might expect from the dispersive data in (6) .
As for the cases where dissimilar metals are involved, the Au-Cu data, table 4, are quite similar to those given in tables 1 and 2. The data for Au-Al and Cu-Al, tables 5 and 6, show somewhat larger pressures.
In the tables we show also the pressures when T = 350 K, since one may expect that the pressure difference between 300 K and 350 K will be soon measurable. Again considering Au-Au at a = 0.5 µm, we see that the pressure is lowered from 15.49 mPa to 15.30 mPa, or by 1.2%, when T is increased from 300 K to 350 K. If a = 2 µm, the corresponding pressure decrease is 3.7%.
A striking property is that for the larger separations, the pressure increases with increasing values of T . This turns out numerically when a becomes larger than about 2.8 µm.
Finally, the following point should be noted: we did not have to use the Drude relation in any of our calculations, for any finite frequency. All the frequencies that were needed, were lying within the region of Lambrecht's data. We needed the Drude relation explicitly at only one place, namely in the evaluation of the zero frequency term, m = 0.
On Nernst's theorem
It is important to ensure that the present formalism does not come into conflict with basic thermodynamics. In the present case this means in particular that the Casimir entropy per unit area at zero temperature,
(F being the free energy), has to be zero at T = 0. This is Nernst's theorem. Let us make some brief remarks on this topic, in view of its current interest.
• There exist no measurements of the permittivities at very low frequencies. What is at our disposal, is a series of measurements of room-temperature complex frequencies ε(ω) = ε ′ (ω) + ε ′′ (ω), where the data on ε ′′ (ω) permit us to calculate the real quantities ε(iζ) via the Kramers-Kronig relation. The permittivity data received from Lambrecht cover the frequency region 1.5 × 10 11 rad/s to 1.5 × 10 18 rad/s. Based upon these data, the relaxation frequency ν in the Drude relation is determined. For low frequencies we have to describe the permittivity analytically, with use of the Drude relation, down to ζ = 0. It is not very important, however, to know the value of ν at T = 0 very accurately; the important point is that ν at T = 0 stays finite. In practice, this condition is always fulfilled because of scattering from impurities. Then, it is easy to show that the zero frequency TE mode does not contribute to the Casimir effect. The calculation is shown explicitly in Appendix A in [7] .
• The above remarks were related to room temperatures. If we proceed to consider low temperatures, we observe that nor in this case there exist permittivity measurements. We thus again have to take recourse to the Drude relation in which, in principle, the value of ν can be different from that above. It seems, however, that the physical significance of an altered value of ν is only minor (a discussion on this point is given in [9] ). This is partly due to the impurities, as mentioned above, resulting in scattering also when the temperature is low. Important in the present context is that ν stays finite when T → 0, so that the behaviour is essentially as above: there is no contribution from the zero frequency TE mode to the Casimir force. Mathematically, the essential point is that
Correspondingly, if the free energy F is drawn as a function of T at some fixed value of a, it turns out numerically, to a high precision, that the slope of the curve is zero at T = 0. This result was indicated in figure 5 in [7] ; we intend to deal with the topic in more detail in [18] . That is, Nernst's theorem is found to be well satisfied numerically.
• In the above argument the existence of impurities played a certain role, ensuring that ν stays different from zero at all temperatures. Now, it is legitimate to ask: what about the ideal case where the metal is entirely free from impurities? This question, although academic, is nevertheless of fundamental interest.
We may in this context recall the Bloch-Grüneisen formula for the temperature dependence of the electrical resistivity ρ [19] . From this one may estimate the temperature dependence of ν = ν(T ) to be [9] ν(T ) = 0.0847
where Θ = 175 K for gold. The Bloch-Grüneisen argument neglects the effect from impurities. It is seen that ν(T ) → 0 when T → 0, so that this case becomes indeterminate. To deal with this situation, additional physical effects have to be drawn into consideration: 1) One way is to include spatial dispersion, as was recently done in [13] . One finds by this extension of the theory practically the same results as we did above: there is only a negligible contribution to the Casimir force from the zero frequency TE mode. Moreover, the Nernst theorem is found to be satisfied, so that the presence of dissipation or a finite relaxation frequency in the material is not a necessity for this theorem to hold.
2) Another approach is to take into account the anomalous skin effect [20, 21] . This effect is physically due to the mean free path in the metal being much larger than the field penetration depth near T = 0. Again, the results are found to be essentially the same as above: there is no contribution to the Casimir force from the zero TE mode, and there is no contradiction with the Nernst theorem. 
